 STOKE’S
THEOREM




Let S be an open surface bounded by a closed curve C and vector F be any
vector point function having continuous first order partial derivatives. Then

¢ F.dr = [[scurl Fids

where 1= unit normal vector at any point of S drawn in the sense in which a right
handed screw would advance when rotated in the sense of the description of C.

Stokes’s Theorem relates a surface integral over
a surface S to a line integral around the boundary
curve of S (a space curve).



Evaluate
[Edr

where:

e F(x,y,z)=-y?i+xj+2z2k

e Cis the curve of intersection of the plane
y + z = 2 and the cylinder x>+ y>=1.
(Orient C to be counterclockwise
when viewed from above.)






We first compute:

i j k
& ¢

aulF=| — =(1+-2y)k
X O & &)
== = =




s elliptical region S in the plane y + z = 2 that is bounded by C.
If we orient S upward, C has the induced positive orientation.







| _F-dr=] curlF-ds=] (1+2y)dA
S D

— j2”j1(1+ 2rsin@)r drdé

= J‘Zﬂ[r—+2—sm 0

=1

= jom(% +2sin0)do
= (2

0

dé



:

Use Stokes’ Theorem to compute fj curlF.ds
where:
e F(x,y,z)=xzi+yzj+xyk

e Sis the partof
the sphere
X2kt 7=
that liesinside
the cylinder
X2
and above
the xy-plane.



* Subtracting,
we get z2 = 3.

* So, z=V3
(since z > 0).




So, Cis the circle given by:

X byr=T-—o=xf2




s

&ctor equation of Cis:
r(t)=costi+sintj+ vdk O0<t<2nm

Therefore, r’(t) = —sinti+cos tj

Also we have:

F(r(t))= v3costi++/3sintj+costsintk



" Thus, by Stokes’ Theorem,

chrIF-dS:ICF-dr
S

- ["Fre) it
- 2”(—\/ﬁcc)stslnt+\/§smtcost)dt

:fgj 0dt=0




Verify Stokes’ Theorem for the field F =<x2, 2x, z>> on the ellipse S = {(x,y, z) :
4X2+Y26 4,7 =0}.

Solution: We compute both sides in J.F - dit =[fscurl F - ndo.

We start computing thecirculation
integral on the ellipsex> + ¥~ =1.
22
We need to cj?oose a counterclockwise parametrization,
@ : hence the pormal to S
points upwdrds. We choose, for t € [0, 2],
' r(t) = <cos(t), 2 sin(t), o>.

%— Therefore, the right-hand rule normal n to S is n =<o, o,




all._f<F=dr=[fscurl F- ndo. r(t
—1>. The circulation integral is:

[ Edr= L %F(tj () dt

4::1_1
j " = cos(t) = cos (t), 2 cos(t),0 >- < — sin(t), 2 cos(t), 0 > dt.
o

fc F dI'= j :{— cos(t) = cos(t) sin(t) + 4 cos(t) » cos(t)}dt.
o

The substitution on the first term u = cos(t) and du = - sin(t) dt implies

L‘{at.:ns(t}*ms ()t _ L %0001 + cos2t)dt

Since = oj ﬁ{cnsEt}dt. we conclude that [.F. dr=4m



We now compute the right-hand side in Stokes’ Theorem.

I=[fscurl F-ndo.
Solving, we get: curl F=<0,0,2>.

S is the flat surface {x2 +£ <=1,z= 0} sodo = dxdy.
22

Then,” (curl F).ndo = ji jm_x:{ 0,02 >.< 0,01 > dydx
—1J-21—x2

The right-hand side above is twice the area of the ellipse. Since we

know thatanellipse »*  »* =1hasareamab, we obtain
a? b2

[[scurl F - ndo= 4.
This verifies Stokes’ Theorem.






