UNIT I — BASIC CIRCUIT CONCEPTS
— Circuit elements

— Kirchhoff's Law

— V-I Relationship of R,L and C

— Independent and Dependent sources

— Simple Resistive circuits

— Networks reduction

— Voltage division

— current source transformation.

- Analysis of circuit using mesh current and nodal voltage methods.

Methods of Analysis



Resistance
]

« All materials resist the flow of current
& Resistance is nusually represented by the variable K
& Depends on geometry and resistivity of the material
e Copper 1.673e-8 ohm-meters
e Lead 20.648e-8 ohm-meters
« Ohms per square for sheet.
A cylinder of length £ and cross-sectional area A has a resistance

£

where
resistance of an element in ohms (£2)

resistivity of the material in ohm-meters
length of cylindrical material in meters
Cross sectional area of material in meters?

Methods of Analysis
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Ohm’s Law

i

Fio
e — Y > -

Linear Monlinear
{Ohm's Law Applies) (Ohm's Law Does Not Apply)

As with all circuit elements, we need to know how the current
through and voltage across the device are related

Many materials have a complicated nonlinear relationship
(including light bulbs): v = +f(z)

Materials with a linear relationship satisfy Ohm’s law: v = +mz
The slope, m, is equal to the resistance of the element
Ohm’s Law: v = 4R

Sign, 4+, is determined bly
Vs

the passive sign convention (PSC)
Methods of Ana
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Resistors & Passive Sign Convention

& Recall that relationships between current and voltage are sign
SCnSitive

® Passive Sign Convention: Churrent enters the positive terminal
of an elemment:

- If PSC satisfied: v =iR
- I PSC not gatisfisthndies ¢



Example: Ohm’s Law
.

FE—} A— 6lmA  33EmA —»
2 A G 1l 2 0

10V

i oy
1
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Short Circuilt as Zero Resistance
o« ]

! > e
+ +
Crreuit | ng — Circuit 0V

¢ An element (or wire) with R = 0 is called a short eireuit

¢ Just drawn as a wire (line)

Methods of Analysis



Short Circuit as Voltage Source (0V)

+
Circuit oy = Circuit 0w [ - Smoke

An ideal voltage source Ve, = 0V 18 also equivalent to a short
CIrcat

Since v = iR and R =0, v = 0 regardless of 4

Could draw a source with V. = 0V, but is not done in practice
Can not connect a voltage source to a short circuit

Irresistible foroe meets immovable object

In practice, the wire usually wins and the voltage source melts
l::lf not l:"r':"tcl:":ﬂ%{;f'é%;ods of Analysis



Open Circuit

e 0 A —
+ y

Crreunt |- oo ] — Circuit |
- — .

¢ An element (or wire) with R = oo is called a open cireuit

# Just omitted

Methods of Analysis



Open Circuit as Current Source (0 A)
a7

Circuit

_|_
v

@ _

Circuit

oy .
¥ i = Smoke
- - .

An ideal ewrrent souree I = 0 A is also equivalent to an open

circuit

Could draw a souree with 7 = 0 A, but is not done in practice

Cannot connect a current source to an open circuit (spark coil)

Irresistible foree meets immovable object

In practice, you blow the current souree (if not protected)
The insulator (air) usually wins. Else, sparks fly.

Methods of Analysis



Conductance
o« ]

& Sometimes conductance is specified instead of resistance
e Inverse of resistance

¢ G}

# Units: siemens (S) or mhos ()

e 1S=10=1A/V

# In words: the ability of an element to conduct electric current

> v®

= R — M =R =—

1 ] pP=1 =i i
= G ' EG—f
= L5 p=™Mm=—"v e

Methods of Analysis



Circuit Building Blocks
S

¢ Before we can begin analysis, we need a common language and
framework for describing circnits

e For this course, networks and circuits are the same

e Networks are composed of nodes, branches, and loops

Methods of Analysis



Branches

2 kel 6 kL2

2 kA2
I AYAVAV ”Wiﬁ,—I
< =
10 W .:::;E k{  SmA {;’:5 A2

Example: How many branches?
# Branch: a single two-terminal element in a circuit

e Segments of wire are not counted as elements

e Examples: voltage source, resistor, current souroe

Methods of Analysis



Nodes

2 kel 6 kL2

2 k12
I AVAVAV AVAW, h;—I
< .
10V .;::;S L SmA .;:;E:- k)

Example: How many nodes? How many essential nodes?

# Node: the point of connection between two or more branches
¢ May include a portion of the circuit (more than a single point)

¢ Essential Node: the point of connection between three or more
branches

Methods of Analysis



Loops

2 Jef) 6 kL2

2 k02
I AVAVAV ‘\/V\/—I
o .,
10V {23 k()  SmA <5 k0

Fxample: How many loops?

e Loop: any closed path i a cirewt

Methods of Analysis



Overview of Kirchhoff’'s Laws
o« ]

¢ The foundation of circuit analysis is
- The defining equations for circuit elements (e.g. Ohm's law)

- Kirchhoff’s current law (KCL)
- Kirchhoff's voltage law (KVL)

¢ The defining equations tell us how the voltage and current
within a circuit element are related

¢ Kirchhoff’s laws tell us how the voltages and currents in
different branches are related

Methods of Analysis



Kirchhoff’'s Current Law

v Iy +do — Jqg — 14 4+ I
/\\‘ I+ I + Iy

s Kirchhoff's Current Law (IKCL): the algebraic sum of currents
entering a node (or a closed boundary) is wero

0
Ia + 14

e The sum of currents entering a node is equal to the sum of the
currents leaving a node

e Clommon sense:
- All of the electrons have to go sormewhere
- The current that goes in, has to come out some place
e Based on law of conservation of charge and Vj = 22 — 0
Methods of Analysis



Kirchhoff’s Current Law for
Boundaries

10V 5 k2

LT —Ih+I3—1, = 0
I + I3

|
oy
_I_
o~

e KCL also applies to closed boundaries for all circuits

Methods of Analysis



KCL - Example

2 k2 6 k(2 2 k2

AYAVAV
10V Bk 5 ll'lA%} 5 kO

Apply KCL to each essential node in the cireuit.

Essential Node 1:

Essential Node 2:

Essential Node 3:
Methods of Analysis



ldeal Current Sources: Series

e Ideal current sources cannot be connected in series

e Recall: ideal current sources guarantee the current flowing
through source is at specified value

e Recall: the current entering a circuit element must equal the
current leaving a circuit element, I, = I

e Could easily cause component failure (smoke)
e Ideal sources do not exist

e Technically allowed if I; = I, but is a bad idea
Methods of Analysis



Kirchhoff’'s Voltage Law - KVL
.

M
E Ve = 0
m=1

¢ Kirchhoff’s Voltage Law (KVL): the algebraic sum of voltages
around a closed path (ie loop) is zero

Methods of Analysis



KVL - Example

10V 2k SmA

Apply KVL to each loop in the circuit.

Loop 1:
Loop 2:
Loop 3:
Loop 4:
Loop 5:

Loop 6:
Methods of Analysis



Example — Applying the Basic Laws

Find Va, Vi and V7.

Methods of Analysis



Example — Applying the Basic Laws

4 k2 ~

Find 1, and v,.

Methods of Analysis



Example — Applying the Basic Laws
T/ m 7

70 k2 20 kO

[,—» <«

10V p <30k SmA

Find I‘?:! Ig, Ig, Vgg and V7.

Methods of Analysis



Resistors In Series

R, R, R [[—»
AAN AP AAP
[—»

i ¥ *
f-". ("‘) f::» ],?4 !_-‘C) E} l{ﬂ,
] - {‘_} . - II:_:n- i

By KVL
Ve = les + RQL; + RSIS + Rdfs
— Is(R]_‘I_RQ‘l'RS-l'Rd)
— Reg-rs

® Resistors in series add
Methods of Analysis



Resistors in Parallel

R

= h+b+LI+1
= Vi/R1+Vi/Ry+Vy/Rys+ V;/Ry

(Aeliy
~ \Ri Ry Ry Ry

Vs
Regq
_ 111 1
Ry Ry Rz Ry
1
e



Resistors In Parallel

I [ —»

&

1o _ 1, 1 11
Req_Rl RE R3R4

Geq = G1+GQ+03+G4

e Resistors in parallel have a more complicated relationship

e Easier to express in terms of conductance
e For two resiawaumds@é@nﬁy%



Voltage Divider

Methods of Analysis




Current Divider

Methods of Analysis




Resistor Network
o« ]

3 kO 2 kO

N L A
22 kO

R ]

-]
e <
{: 4 kO
{:}

3R 26 kN
<

o

9 k2

Find R.,.

Methods of Analysis



Resistor Network - Comments

R, R,
O
R R

¢ Knowing the equivalent and parallel equivalents of resistors is
not quite adequate

e There are somdethodfighfinelyeins that require one more tool



Delta €-=> Wye Transformations

R R, R,
a AYAVAY b a AVAVAY S —— B
b} ] -
Ez RL é: Ra Ei R%
< < <
C C o i
Delta Wye
[ I{}
il
]
SRy
Delta
c
Wye

e Every Delta network is functionally equivalent to a Wye
network (and4iRA%EFETRIYSIS



Delta €-=> Wye Transformations

The following must be satisfied for equivalence

1 Ras + Rao Rz + RafRa . Ry R
_R.rj. = Rl -
Ry Ra 4+ Ry + Re
R Ra + RalRa + RaRq R-R,
_RE. = Ri e
Rx> Ra + Ry + Re
B Ras + RalRa 1+ RaRq Ra R
R = FRa =

Médffods of Analysis Ra + Ry + Re



Example —

Delta €-2> Wye Transformations
]

2,5 k2

.

6 k(2 <10 kO

- 1 kO
SOV C_) RVAVAN
238K0 23K

[

Find R.; and Power delivered by source

ALY
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Methods of Analysis
S

* |Introduction

 Nodal analysis

e Nodal analysis with voltage source

e Mesh analysis

 Mesh analysis with current source
 Nodal and mesh analyses by inspection
 Nodal versus mesh analysis

Methods of Analysis



3.2 Nodal Analysis
S

e Steps to Determine Node Voltages:

1. Select a node as the reference node. Assign voltage
Vi, Vy, ...V, 10 the remaining n-1 nodes. The
voltages are referenced with respect to the reference
node.

2. Apply KCL to each of the n-1 nonreference nodes.
Use Ohm’s law to express the branch currents in
terms of node voltages.

3. Solve the resulting simultaneous equations to obtain
the unknown node voltages.

Methods of Analysis



Figure 3.1

Y — r & &
(a) (b) (c)

Common symbols for indicating a reference node,
(a) common ground, (b) ground, (c) chassis.

Methods of Analysis



Figure 3.2

I

Typical circuit for nodal analysis
Methods of Analysis



I, =1,+1 +1,
I, +1, =1,
G I,
i — Vhigher ~ Viower . : _
- 5 Iy
R v | By i Vs
Vil ¥ i3
. V., — i
=L — or i, =GV, I, § R, R,
. V.=V i
l, = 1R 2oor i, =G,(v,-V,)
/ =
.V, - .
I, = 2R or i,=G,, (b)
3

Methods of Analysis



V,—V, V

R, R,

I, =-G,(v; —Vv,) + GV,

— |1_ |2 :lel+GZ(V1_V2)

G, +G, -G, v,
| _Gz Gz+G3_ V,

|1_|2

|2

Methods of Analysis



Example 3.1
.

e Calculus the node voltage in the circuit
shown in Fig. 3.3(a)

Methods of Analysis



Example 3.1
G

e At node 1

5A
£
¢£1=5© ?flz
i 10 ) iy=10
o — 2 -
—'P'
P

(b)

Methods of Analysis



Example 3.1
G

e At node 2

L +1, =1, +1,

:vz—v1+v2—0
4 6

—5

5A
)
. @
¢£l=5 ?fl:
i iy=10
—2I- 40Q () iq—
v ———AWW

Methods of Analysis



Example 3.1
.

e In matrix form:

Methods of Analysis



Practice Problem 3.1

|

6 Q
MWWV

I A CD

2 8

7

(}) 4A

Fig 3.4

Methods of Analysis



Example 3.2
.

e Determine the voltage at the nodes in Fig.
3.5(a)

A
JE. 20 > 8 Q
1 —WW AN
Z40
0

2i,

40
AV
b 20 g iy
Uy g SR
U1 A —— A

sat| i |46

3a (b)) §4sz 4
(b)

Methods of Analysis
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2i,



Example 3.2
<

e At node 1,
3=1,+1,
jg_W_W+W_W

4 2

A
i . i P
i 20 b L2 B0 B *
v, AMAY AN —— 3

Methods of Analysis



Example 3.2
<

e At iodg 2i,
Vi —V, _ V, =V

_I_

v, =0

2

8

A

A
i 20 5 S 3D B o
o AW A vy
— —
’%Af L I *f%
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Example 3.2

—

e At node 3
i +i, = 2i,

V1 _V3

V, =V _ 2(V1 _Vz)

A

_I_

8

2

4 Q
A%
; . . i
i 20 sy 2 80 2 ti
Ul — VWV MWWV e
— —
’%AT e *i%

Methods of Analysis



Example 3.2
.

e In matrix form:

3 1 1
4 2 4fv, ] [3
1 7 1
= L2y =0
2 8 3
3 9 3w o
4 8 8

Methods of Analysis



3.3 Nodal Analysis with Voltage
Sources

e Case 1. The voltage source is connected
between a nonreference node and the
reference node: The nonreference node
voltage is equal to the magnitude of voltage
source and the number of unknown
nonreference nodes is reduced by one.

e Case 2: The voltage source is connected
between two nonreferenced nodes: a
generalized node (supernode) is formed.

Methods of Analysis



3.3 Nodal Analysis with Voltage
Sources

4 Q)
NV /Supernode
K
i L §N e
2Q —]-!” 1’2 /"\\ k.
1 MWV T ) -1

Fig. 3.7 A circuit with a supernode.
Methods of Analysis



e A supernode is formed by enclosing a
(dependent or independent) voltage source
connected between two nonreference nodes
and any elements connected in parallel with
It.

e The required two equations for regulating the
two nonreference node voltages are obtained
by the KCL of the supernode and the
relationship of node voltages due to the
voltage source. Methods of Analysis



Example 3.3

e For the circuit shown in Fig. 3.9, find the node

2-7-i1-i2=0
10 2—7—"—21—"7%0
——WW——
v, -V, =-2
[ 2 V (%
I
3
\ A 4 L/

2 A ill %29 49%9 7A

Methods of Analysis



Example 3.4

ind the node voltages in the circuit of Fig. 3.12.

.*__._.u-—-u-___

3Q

AVAYAVAY

———————— - +f/’x_

~~1 U AATAVAY

-
— —
h-—_--—ﬂ‘

Methods of Analysis



Example 3.4

3Q

W
e At suopernode 1-2 |t B Vil
| i i 6 Q v 5
Vo g0 =iV Y et
6 3 2 || S iraa
v, —V, = 20 2Q§ () 104 §4Q §1Q

(a)

Methods of Analysis



Example 3.4

o
e At supernode 3-4,

Vi~V _ Vs — Vo n

3 6 1
Vs =V, = 3(V1 _V4)

30
AM
?il +UX_ *ll
e B g SBIR
S S S -
s A N
(}) 104 §4Q §IQ
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3.4 Mesh Analysis
.

e Mesh analysis: another procedure for
analyzing circuits, applicable to planar circuit.

e A Mesh is a loop which does not contain any
other loops within it

Methods of Analysis



1 A 1 A
P,
S >
2 Q

20

4 €
5Q L AAMA——— 6 Q
8Q SQ§ §

(b)

(a) A Planar circuit with crossing branches,
(b) The same circuit redrawn with no crossing branches.

Methods of Analysis



Fig. 3.16

A nonplanar circuit.

5Q
4 Q

NO

13 Q

12.€2
11 Q

1 Q

7 €2 2 Q)

36

10 Q

9 Q
8 Q
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e Steps to Determine Mesh Currents:
1. Assign mesh currents iy, I, .., I, to the n meshes.

2. Apply KVL to each of the n meshes. Use Ohm’s
law to express the voltages in terms of the
mesh currents.

3. Solve the resulting n simultaneous equations to
get the mesh currents.

Methods of Analysis



[

b —»

A%

E
2

R,
I

D ¢

<
k=

€

A circuit with two meshes.

Methods of Analysis



v orniond iy-o

1 1'1 s\l1 7 12) =
o Apply KVl(lgcQ(l)j@zF\gjign_(eﬂ;ingl&/rlnesh 1,

e For mesﬁé% +V, +Ry(1, -1,) =0
—R,l, +(R, + R, ==V,

Methods of Analysis



e Solve for the mesh currents.

R, +R,
_R3

_R3

R, +R; || |

V

1
__Vz_

e Use | for a mesh current and | for a hranch
rrent. It's evident from Fig. 3.17 th;

Ccu

Al

Il Il’

|2

l,,

|3:|1_|2

Methods of Analysis



Example 3.5
.

e Find the branch current I, |,, and I; using
mesh analysis.

Methods of Analysis



Example 3.5

.
—15+51,+10(1, —1,) +10=0
e Formesh 1, ~ :
3, —21,=1

e For rr%’sﬁré,lz J_rlO(I? ~4h)-10=0
, =21, -1

L =i, 1,=i,, l,=i—i,
e We can find I; and I, by substitution method
or Cramer’s rule. Then,

Methods of Analysis



Example 3.6
.

e Use mesh analysis to find the current |, in the
circuit of Fig. 3.20.

[
—_— A

>
_—-—
RE
)
1GQ§ §24Q
4 €

129.§ @ <j ar,

Methods of Analysis
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Example 3.6
.

e Apply KV

—24+10(i, —i,) +12(i, —i,) =0
11i, - 5i, — 6i, =12

e For mesh 2,

24i,

41, —1,)+10(1, — 1)

—5i, +19i, — 2i, =0

_ to each mesh. For mesh 1,

Methods of Analysis



Example 3.6
.

e For mesh 3,

41, +12 (i, — i)+ 4(i, —1,) =0

At node A, 1, =

., — 1,
X L,

4 (i, - i2)+12u(i3 —

1 Z oS

i,) + 4(i, —i,) =0

e In matrix from Egs. (3.6.1) to (3.6.3) become

[ 11
-5
-1

-5 -6 i,
19 -2, |=
1 2 i,

we can calculus iy, I, and I,

and find |,,.

197
0

0

oy Cramer’s rule,

Methods of Analysis



3.5 Mesh Analysis with Current

sSources

Fig. 3.22 A circuit with a current source.

—AMW

10V @) G)

Methods of Analysis



o Case 1 i, = —2A
— Current source exist only in one mesh

— One mesh variable 1s reduced

e Case 2

— Current source exists between two meshes, a
super-mesh is obtained.

Methods of Analysis



Fig. 3.23
.

e a supermesh results when two meshes have
a (dependent , independent) current source
6Q

B W 1] o

F 20 § ——VWW\ AATAYY

20\/9@5 ': @gﬂl L 5 )
] ' 20Vf>l@ @

Exclude these (b)
(a) elements

Methods of Analysis



Properties of a Supermesh
.

1. The current is not completely ignored

—  provides the constraint equation necessary to
solve for the mesh current.

2. A supermesh has no current of its own.

3. Several current sources in adjacency form
a bigger supermesh.

Methods of Analysis



Example 3.7

o oo ing

_______________________________

Methods of Analysis



e |f a supermesh consists of two meshes, two
equations are needed; one is obtained using

6i, +14i, = 20

KVL and Ohm’s law to the supermesh and the 1; — I, = —0
6 Q 10 Q
—WW— A ———
/ \ 6 Q 10 Q

i e,
l] ~ 0 sl 3 iz \
o Exclude these
(a) elements

Methods of Analysis
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e Similarly, a supermesh formed from three
meshes needs three equations: one is from
the supermesh and the other two equations
are obtained from the two current sources.

Methods of Analysis



o« ]
21, + 41, + 8(i; —

2Q
AN
i 40 0
& . — W— W
' 5A :

_______________

D e i’ it sl

i)+ 6i, =

Methods of Analysis
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3.6 Nodal and Mesh Analvsis hv
Inspection @
. w| G

The analysis equations can be h@® %o ;
obtained by direct inspection | % 3

(@) For circuits with only resistors and independent =
current sources (a)

(b) For planar circuits with only resistors and
Independent voltage sources R, R;

(b)
Methods of Analysis



e Inthe Fig. 3.26 (a), the circuit has two
nonreference nodes and the node equations
|1 - |2 T lel T Gz (Vl _Vz) (3-7)

I, +G, (v, —V,) =GV, (3.8)
— MATRIX

G, +G, -G, |V
| _Gz Gz+G3_

|1_|2

_ _ |2 _

Methods of Analysis



e In general, the node voltage eguations In
terms of the conductance is

orsimply Gll GlZ GlN vV, i1

GV =i G,y G, o Gy, Vo _ iz

_GNlGNz“' GNN | |
where G : the conductance matrix,
Vv : the output vector, i : the input vector

LY I'y

Methods of Analysis



e The circuit has two nonreference nodes and
the node equations were derived as

R, + R, - R, ,
_ _Rs R2+R3_-

Methods of Analysis



e In general, Iif the circuit has N meshes, the
mesh-current equations as the resistances

term iS Ry Ry o Rin |, Vi
or S|mp|y R, R, - Ryy I, _ v,
RV:i _RNlRNz"' RNN __iN_ | VN

where R : the resistance matrix,
| . the output vector, v : the input vector

Methods of Analysis



Example 3.8
.

e Write the node voltage matrix equations in

Fig.3.27.
2 A
&
1 Q
AVAAVAY
v 58 » 8 Q2 3 8 Q vy
AVAAAY AAAAY AAAYAY

Methods of Analysis



Example 3.8
.

e The circuit has 4 nonreference nodes, so

s 103, 6, =ttt g

G =
11 5 8

11 625
1

NI

1
Gy =-;=-02 G; =06, =0
1 1
Gy =02, Gy =~ =-0.125, G, =~ =-1
G, =0, G, =-0.125, G,, = -0.125
G, =0 G, =-1 G, =-0.125

Methods of Analysis



Example 3.8

@
i, =3, i,=-1-2=-3,i,=0,i,=2+4=6
e The input current vector i in amperes

e The node-voltage equations are

03 - 02 0 0 Mv, T T
~ 0.2 1325 - 0125 -1 v,
0 - 0125 0.5 ~ 0.125 v, |
0 -1 ~ 0.125 1625 ||v, | |

Methods of Analysis




Example 3.9
.

e \Write the mesh current equations in Fig.3.27.

5 Q
NVV Y

4V
2Q 20
A &> ANA——
-
2Q
i
@ 4Q§ §3£2
1ov
1 O 1 ©Q @
AYAYAYAY; AANNN—

Methods of Analysis



Example 3.9
.

e The input voltage vector v in volts

Vi
V, =

e The mesh-current equations are

9
- 2
- 2
0
0

= 4,

Vi,

~2
10
— 4
-1
-1

=10 - 4
= -12 + 6 =

_6’

- 2 0
-4 -1
9 0
0 8
0 -3

0
-1

0
-3

4

6,
vV, =

I
I
|

w

SN

5

0,

V. =

— 6

Methods of Analysis



3.7 Nodal Versus Mesh Analysis
S

e Both nodal and mesh analyses provide a
systematic way of analyzing a complex
network.

e The choice of the better method dictated by
two factors.

— First factor : nature of the particular network. The
key Is to select the method that results in the
smaller number of equations.

- Second factor : information required.

Methods of Analysis



BJT Circuit Models

Vee

(a) dc equivalent model.
(a) (b) An npn transistor,

1l O——

(b)

Methods of Analysis



Example 3.13

e For the BJT circuit in FIig.3.43, =150 and
Vge = 0.7 V. Find v,,.

-+
2N =

— 16V

Methods of Analysis



Example 3.13

1 kQ

+
100 kQ
AAYAAY v, / *
2 — 16V
2V = q zoomq - -
L

Methods of Analysis



Example 3.13

2V

— 16 NV

1 kQ
AVAVAYAY
+ RO
2N — 200 kQ § 0.7V —/— g
(b)
R1 700.00mV 14.58 V R
/ 3
AN y "
100k 1k
+ -+
l il [ F1
= R2 § 200k 0.7V =— D
F

(c)

— 16V

Methods of Analysis



3.10 Summary
.

1. Nodal analysis: the application of KCL at
the nonreference nodes
- A circuit has fewer node equations

2. A supernode: two nonreference nodes

3. Mesh analysis: the application of KVL
- Acircuit has fewer mesh equations

4. A supermesh: two meshes

Methods of Analysis



UNIT Il — SINUSOIDAL STEADY STATE ANALYSIS

—Phasor

— Sinusoidal steady state response concepts of impedance and admittance

— Analysis of simple circuits

— Power and power factors

— Solution of three phase balanced circuits and three phase unbalanced circuits
—Power measurement in three phase circuits.

Methods of Analysis



Sinusoidal Steady State
onse



Sinusoildal Steady State
Response

1. Identify the frequency, angular frequency, peak value, RMS value, and
phase of a sinusoidal signal.

2. Solve steady-state ac circuits using phasors and complex impedances.

3. Compute power for steady-state ac circuits.

4. Find Thévenin and Norton equivalent circuits.

5. Determine load impedances for maximum power transfer.



N[

I
[3
|
<
BN
\
g
E
&
|
BN
BN
DN
<
~

(b)

The sinusoidal function v(t) =
Vy sin et is plotted (a) versus

ot and (b) versus t.
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V — —
m//\vmsinwt
/ \
/ \ /
| // | N A - i
0, < ra /2
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—V,— V,sin(wt+0) =&

The sine wave V, sin (ot + 0) leads
by 6 radian



27T

Frequency T = Angular frequencyy = ——

1
T
(G
w = 2nxf
sin z = cos(z —90°)
sin wt = cos(wt —90°)

sin(et +90°) = cos wt



o 4 Representation of the two vectors v;

and v,.
\000
> ()°

K ~30°
~260° v

In this diagram, v1 leads v2 by 100° + 30° = 130°, although it
could also be argued that v, leads v, by 230°.

Generally we express the phase difference by an angle less
than or equal to 180°in magnitude.




Euler’s identity

o ]
0=wt

w=2rf

Im‘
J

Gin O ¢ EP

Acoswt=Acos2r ft

In Euler expression,

Acos ot = Real (Ae /@)
Asinot=Im(Aelt)

Any sinusoidal function can

be expressed as in Euler
form.

4-6

—J
e/%=cos 0+ sin O



Applying Euler’s Identity

Vmef (wt + 60) 6) N l lmfj (wt+ )

The complex forcing function V, el ©@t+8 produces the complex
response | el +¢)



Vincos (ot + 0) N l[m cos (wt + @)

The sinusoidal forcing function V., cos (et + 8) produces the
steady-state response |, cos (ot + ).

iV sin (wf + 6) N ij[m sin (wt + ¢)

The imaginary sinusoidal inputj V_, sin (ot + 8) produces the
Imaginary sinusoidal output response | I, sin (ot + o).



(wt+0) T |
Vmej(u ) G) N l[me,_; (wt + )

Re(V,, el@t+0)) 5 Re(l, €@ +)

Im(Vm el(@t+0) ) RN |m(|m e (wt+¢))




Phasor Definition

-
Time function : v,(t)=V, cos(wt + 6, )

Phasor: V) =V, £6,
V; =Re(e @0y
V) = Re(ej(el) ) by dropping at



A A phasor diagram showing the sum of
- Y V,=6+j8VandV,=3-}4V,

B T Vi+V,=9+j4V=Vs

Vs =Ae @

= # A:[92+42]1/2

Ll g=tan-(4/9)

= / Vs =9.85/24.0° V.




Phasors Addition

Step 1: Determine the phase for each term.
Step 2: Add the phase's using complex arithmetic.
Step 3: Convert the Rectangular form to polar form.

Step 4: Write the result as a time function.



Conversion of rectangular to
polar form

O
vy(t)= 20 cos(wt — 45°)

V5 (t) =10cos(wt —307)

Vy =20/ —45°
V, =10/ —30°



Vs =V1+\/2
=20/-45+1Q/-30
—1414- 11414+8.660- |5

2306- 11914

2997/-397

Vs = Ae’?

A= /23.067 + (—19.14)" = 29.96, 0 = tan - —o % _
23.06

v, (t) = 29.97 cos(wt — 39.7°)



Phase relation ship

v,

Because the vectors rotate counterclockwise, v; leads v2 by 60° (or,
equivalently, v, lags vy by 60°.)



ceal

The peaks of vy (r) cccur 60 before the peaks of v2(r). In other
words, v (r) leads va(r) by 60" .



COMPLEX IMPEDANCE

V = joLxl,
Z, = JoL=wolLL90°
V., =21,



R

+ 0
gy A8

v -—~C V —_— C

Ol
]

In the phasor domain,(b)

(a) aresistor R is represented by an
iImpedance of the same value;

(b) a capacitor C is represented by an
iImpedance 1/jwC,;

(c) an inductor L is represented by an
iImpedance jolL.



dv

i=C— I=jwCV

i i _
0 o V =Ve !
* - jot

, —cdV _cdVem _iocve

v —~C v - C dt dt
& B - jocv= Lot g
O O | Jo C

Zc is defined as the impedance of a capacitor

The impedance of a capacitor is 1/joC.

Asl=JwCV, If v=Vcoswt,theni=wCV cos(ot+90°)



90° f<—
vl
T _v il"i J'-{F'{ﬂ
Ir:=fm.|"’3+_w oM 2

(a) Phasor diagram (b) Current and voltage versus time

Current leads voltage by 90° in a pure capacitance.

Asl= JoCV, If v=V,, coswt,theni=wCV,, cos(ot+90")
I, = oCV,,



.

| = le)
jot -
V:L%:Ldldet — joLle

V:jc<)LI:>¥:ja)L:ZL

Z, Is the impedance of an inductor. The impedance of a inductor is joL
AsV = JoClI, If 1=1coswt,thenv=awlLIlcos(wt+90°)
ori=1cos(owt—90°),and v=wlLI cosmt.



V= Vylf > [ —*{9[}”"7
vy()
AT A

| L ax
Ip = Iy{6 - 90°

{a) Phasor diagram (b) Current and voltage versus time

Current lags voltage by 90° in a pure inductance.

AsV=joCl, Iif 1=1,,coswt,thenv=wLl,, cogwt+90)
ori=I,,coqwt-90),andv=wlLl,, coswt,V,, =wLl,,



~—
vglt)
VR' fﬁ:‘”)
wt

I
i R

(a) Phasor diagram (b) Current and voltage versus time

For a pure resistance, current and voltage are in phase.



Complex Impedance in Phasor

Notation
o ]

VC:ZCIC

z- 1 -1 g
joC " oC aC

VL:ZLIL

Z, = JoL=wLs90

V. =RI,



(0t + 0 RICIEY)
Vmej(w ) N UL o)

m




Kirchhoff’'s Laws In Phasor Form

T 7
We can apply KVL directly to phasors. The

sum of the phasor voltages equals zero for
any closed path.

The sum of the phasor currents entering a
node must equal the sum of the phasor
currents leaving.



R =100
W

+ , -
Vi 4
)= + i L= \"l‘.= + o
' : / 150
100 cos(500¢ + 30°) (—) ) g 0.3 H 100/30° —) C Vi g i
Ve -
- +
|/ |/
I\ A
C=40 uF

—j50 Q2

Z,..y =100+ j(150—50)
=100+ j100=141.4/45
-V 100230 267,30 a5
Z.., 141445

=0.707£-15

V., =100x1=70.7£-15, V() = 70.7cos(500t —15')

V, = j150% | =150£90° x0.707£—15 =106.05/90" —15
=106.05.75, v, (t) =106.05c0s(500t + 75°)

V. =—j50x 1 =50/ 90" x0.707/ ~15 =35.35/ 90" —15°

=35.35/-105, v, (t) = 35.35c0s(500t —105)






/000" . -
lnsin{ff:[::}; Ct) m{f{]% ve ;:f{J.EFF m& C Inl%lmﬂ Ve FA=~-loa
ia) ib)
% T
Iﬂﬁ Ct) C Ve Zyc
1 1
ZRC — = X
1/R+1/Zc  1/100+1/(- j100)
s+t 1 3 _JO0_hm
-J100 -j100 J -}
= 120 =70.71/-45

ZRC = . — o
0.01+ j0.01 0.01414.,/45
- 50— j50




+i 1000

+{% m -
/,;-

10/ Ju O - Ve e
N

Ve =Vs Zre (voltage division)

L+ZRC
_10/_90 _70.714—4_5 _10/_90 70.714_—45
J100+50—- 30 50+ J50
=10/ - 45° 70.712 - 45 =10 /135
70.71/45°

V. (t) =10 cos (1000t — 135") = —10cos 1000t VV



+7 1K)

“. ) /.r-)'
. : :l | 1 V-
10 = S} g'\\_

Vs

2, +Zge
. 10£-90°  10£-90°
~ j100+50- j50 50+ j50
~10£-90
- 70.71245°

1(t) =0.414 cos (1000t — 135")

=0.414/-13%5




O (0
]

| Ve
" R

_10271%5 41135

100

I, (t) =0.1cos (1000t —135°)

Ve _10£-135 _10£4-135 . .

|, = _
© Zc —j100  100Z-90°
I (t) =0.1cos (1000t — 45") A



Figure 5.14 Phasor diagram for Example 5.4.



2000 uF 5
(1) “E v, PRy

I( I(
I\ NI
2 sing 100) CT) % 10 € %HI H CT) 1.5 cos(100n  2/-9¢° CT) % % #1002 T) 5/0°

1

Solve by nodal analysis

V, V -V,
10 — ]5
V, V -V,
le — ]5

=2/-90"=-]2 eq(l)

=1520"=15 eq(2)



MV o) 902 eql) 242 TV_15,0-15  eq(2)
10 -5 J10 -5
0.V, + JONV,— OV, =—j2  Ass=ixdod_ ;L1

| -]

0.1+ jO.2)V, - jO.2V, =—j2
Fromeq (2)

—j0.2V;+ 0.1V, =15
SolvingV, by eq() +2xeq(2)
(0.1-j0.2)V, =3— 2

= 3_1.2 __306£L-33069 e 3369 46343
0.1- j0.2 0.2236/—63.43

=16.1/29.74
v, =16.1cos(100t +29.74°) V




250 €2

g
v (1) =
. * 2 0.5 H
10 sin(5008) \_— i1 '

Vs= - j10, Z,=jwL=j(0.5x500)=j250

e

Use mesh analysis,



250 L2

v =/
. f'lr {}.ﬁ‘ H
10 sin(5000) \_— i '

—(—J10)+ 1 x250 + I x(j250) =0

o~ 10 102900 08 90— 45°
250 + j250  353.33./45°
| = 0.028 / —135°

| =0.028 cos(500t —135°)A
V, =1x2Z, =(0.028 £ -135°)x 250 £90°
=7/ —45°
v (t) = 7cos(500t—-45°)V
Vo, =1xR=(0.0282-135")x250 =7/ —-135°
Vo (t) = 7cos(500t-135°)



Vg =7.07/-135° V. =7.07/-45

Y V, =10/-90°
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Figure 5.19 A voltage source delivering power to a
load impedance Z = R + j X.
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Figure 5.20 Current, voltage, and power versus time for a purely resistive load.

t




T~

Vin v(1)
L, [+\ o
t

I TV T A R TR VR Y

(a) Pure inductive load (b) Pure capacitive load

Figure 5.21 Current, voltage, and power versus time for
pure energy-storage elements.




AC Power Calculations

P — Vrms I 'ms

PF = cos(6)
0=0, -0

Q Vrmslrms Sin(e)

cosl@



apparent power=V__ |

rms = rms

2 2 2

P:IZR |:):V2

'ms

Q=12 X Q:szrms

'ms



(a) Inductive load (@ positive) (b) Capacitive load (0 negative)

Figure 5.22 Power triangles for inductive and capacitive loads.



Imaginary

B

0

Real

R

Figure 5.23 The load impedance in the complex plane.



+7100 Q2 I-=0.1/-90°
—

V,=10/=90° CD G— 0.1414/-135° 100 Q T~ 100 Q
lIR =0.1/-180°

Figure 5.24 Circuit and currents for Example 5.6.



I

é

1414/30° Cf) IAJ/

A

10 kVA
power factor
= 0.5 leading

IBl

Figure 5.25 Circuit for Example 5.7.

:

S kW
power factor
= (0.7 lagging



Power factor =
cos 8, =0.5
Oa
(a)
Power factor =
cos 0p=0.7
Op
Op
P B = 5 kW
(b)

Figure 5.26 Power triangles for loads A and B of Example 5.7.



P=10kW
0

VI‘IIIS II’ ms

Q =-3.559 kVAR

Figure 5.27 Power triangle for the source of Example 5.7.



Figure 5.28 Phasor diagram for Example 5.7.



O

Figure 5.29 The Thévenin equivalent for an ac circuit consists of a phasor voltage
source V; in series with a complex impedance Z;.



THEVENIN EQUIVALENT
CIRCUITS

O

Figure 5.29 The Thévenin equivalent for an ac circuit consists of a phasor voltage
source v, in series with a complex impedance Z;.



The Thévenin voltage is equal to the open-circuit
phasor voltage of the original circuit.
T

V, =V

t OC

We can find the Thévenin impedance by
zeroing the independent sources and

determining the impedance looking into the
circuit terminals.



The Thevenin impedance equals the open-circuit
voltage divided by the short-circuit current.

V,, V
LE T,



D [
: 5

Figure 5.30 The Norton equivalent circuit consists of a phasor current source 1,
in parallel with the complex impedance Z,.




V.= 100/0° C_’) —= _i100 Q CD {S;&, =< jlooe “

-

® @ o b

® o b

(b) Circuit with the sources zeroed

100 Q Le
AN . +—o©
—
Iy .
V, = 100/0° C) 7= ~100Q C) 1790°

IC=01/

(c¢) Circuit with a short circuit

® L O

Figure 5.31 Circuit of Example 5.9.




Z,=50-;50
—O0 a @ O a
v,=100/-90° ( I = 1.414/-45° 4=
e - n— 50 —;50
o b i O b
(a) Thevenin equivalent (b) Norton equivalent

Figure 5.32 Thévenin and Norton equivalents for the circuit of Figure 5.31a.



Q

)
A

A load

Figure 5.33 The Thévenin equivalent of a two-terminal circuit
delivering power to a load impedance.



Maximum Power Transfer

a7
o|f the load can take on any complex value,

maximum power transfer is attained for a load
Impedance equal to the complex conjugate of
the Thévenin impedance.
o|f the load Is required to be a pure
resistance, maximum power transfer Is
attained for a load resistance equal to the
magnitude of the Thévenin impedance.



Z,=50-50 Z, =50 - j50

|

VI:o + Zload = Vr = + Ripad =
100/-90 - Ia 50 + 50 100 [—900 — Ib 70.71 Q

O
(@)

(a) (b)

Figure 5.34 Thévenin equivalent circuit and loads of Example 5.10.



+7100 €2 500 I25€

— T ——MW—(—

V. =100/0° C_D 100 Q

Figure 5.35 Circuit of Exercises 5.14 and 5.15.




UNIT HII-FNETWORK THEOREMS (BOTH AC AND DC CIRCUITS) 9
— Superposition theorem

— The venin’s theorem

- Norton’s theorem

-Reciprocity theorem

- Maximum power transfer theorem.



This chapter introduces important
fundamental theorems of network analysis.
They are the

Superposition theorem
Thévenin’'s theorem

Norton’s theorem

Maximum power transfer theorem
Substitution Theorem

Millman’s theorem

Reciprocity theorem



Used to find the solution to networks with two or
more sources that are not in series or parallel.

The current through, or voltage across, an
element in a network is equal to the algebraic sum
of the currents or voltages produced
Independently by each source.

Since the effect of each source will be
determined independently, the number of
networks to be analyzed will equal the number of
sources.



The total power delivered to a resistive element
must be determined using the total current through
or the total voltage across the element and cannot
be determined by a simple sum of the power
levels established by each source.



Any two-terminal dc network can be
replaced by an equivalent circuit consisting
of a voltage source and a series resistor.

AAN ® o

- b



Thévenin's theorem can be used to:

Analyze networks with sources that are not in series or
parallel.

Reduce the number of components required to
establish the same characteristics at the output
terminals.

Investigate the effect of changing a particular

component on the behavior of a network without having
to analyze the entire network after each change.



Procedure to determine the proper values of R, and
En

Preliminary

Remove that portion of the network across which the
Thévenin equation circuit is to be found. In the figure
below, this requires that the load resistor R, be

AN ®
Rz l“r.l"
+
g— § R, §R3 ?RL




Mark the terminals of the remaining two-terminal network. (The
Importance of this step will become obvious as we progress
through some complex networks.)

Calculate Ry, by first setting all sources to zero (voltage
sources are replaced by short circuits, and current sources by
open circuits) and then finding the resultant resistance
between the two marked terminals. (If the internal resistance
of the voltage and/or current sources is included in the original
network, it must remain when the sources are set to zero.)



Calculate Ety, by first returning all sources to their original
position and finding the open-circuit voltage between the
marked terminals. (This step is invariably the one that will lead
to the most confusion and errors. In all cases, keep in mind
that it is the open-circuit potential between the two terminals

marked in step 2.)



Theorem

Draw the Thévenin equivalent

circuit with the portion of the il
circuit previously removed R

replaced between the ﬁ" l / [
terminals of the equivalent

circuit. This step is indicated o

by the placement of the

resistor R, between the Eq, fﬁ' I

terminals of the Thévenin
equivalent circuit.




Experimental Procedures
Q.

popular experimental procedures for determining
the parameters of the Thévenin equivalent
network:

Direct Measurement of E, and Ry,

For any physical network, the value of Et, can be determined
experimentally by measuring the open-circuit voltage across
the load terminals.

The value of Ry, can then be determined by completing the
network with a variable resistance R;.



Measuring Voc and lsc

The Thévenin voltage is again determined by
measuring the open-circuit voltage across the terminals
of interest; that Is, Ety, = Voc. To determine Ry, a short-
circuit condition is established across the terminals of
Interest and the current through the short circuit (1) IS
measured with an ammeter.

Using Ohm’s law:

RTh — Voc / Isc



Vth
@

the Thévenin voltage is determined by connecting a veltmeter to the
autput terminals af the network. Be sure the internal resistance of the
voltmeter is significantly more than the expected level of Ry,

(ah ()

FIG. 9.60

Measuring the Thévenin voltage with a voltmeter: (a) actual network; () Thévenin equivalent.
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3 M i
: 1875 00 :
O
Ep=0V
v |
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R,§41:

|||-

FIG. 9.61

{a)

Measuring Ry, with an ofmmeter: (a) actual network; (b) Thévenin equivalent.



Norton’s theorem states the following:
.

Any two-terminal linear bilateral dc network can be
replaced by an equivalent circuit consisting of a
current and a parallel resistor.

The steps leading to the proper values of |, and

Ru.

Preliminary steps:

Remove that portion of the network across which the
Norton equivalent circuit is found.

Mark the terminals of the remaining two-terminal
network.



Finding Ry:
.

Calculate Ry by first setting all sources to zero (voltage
sources are replaced with short circuits, and current
sources with open circuits) and then finding the
resultant resistance between the two marked terminals.
(If the internal resistance of the voltage and/or current
sources is included in the original network, it must
remain when the sources are set to zero.) Since Ry =
R+, the procedure and value obtained using the
approach described for Thévenin’s theorem will
determine the proper value of Ry,.



Finding |y :
G their
original position and then finding the short-circuit
current between the marked terminals. It is the same

current that would be measured by an ammeter
placed between the marked terminals.

Conclusion:

Draw the Norton equivalent circuit with the portion of
the circuit previously removed replaced between the
terminals of the equivalent circuit.



9.4 NORTON'S THEOREM

In Section 8.2, we leamed that every voltage source with a series inter-
nal resistance has a current source equivalent. The current source equiv-
alent can be determined by Norton’s theorem (Fig. 9.64). It can also be
found through the conversions of Section 8.2.

The theorem states the following:

Any two-terminal linear bilateral dc network can be replaced by an
equivalent circuit consisting of a current source and a parallel
resistor, as shown in Fig. 9.65.

o
B i

FIG. 9.65

Narton equivalent circuil.

The discussion of Thévenin's theorem with respect to the equivalent
circuit can also be applied to the Norton equivalent circuit. The steps
leading to the proper values of fy; and Ry are now listed.

Norton‘s Theorem Procedure

Preliminary:

1. Remove that portion of the network across which the Norton
equivalent circuit is found.

2. Mark the terminals of the remaining two-termminal network.

FiG. 9.64

Eddvward L. MNertore.
Reprinted with the permission of
Luocent Technoalogices, Inc fBell 1T . akbes.

American (Rockland, Maine; Summit, Mew Joersey)

1541983

Electrical Engineer, Scientist, Inventar

Department Head: Bell Laboranorics

Fellow: Acousticz]l Socicty and Institnge of Radio
Engincers

Adthough intcrested primarily in commonicaxiiomns
circuit thoory and the transmission of data at high
specds over telephone linmecs, Edward L. MNormon is
best remembered for dewelopment of the duonl of
Thévenin equivalent circuit. camently referred to as
MNorton s equeivalenrs circuif. In fact. Morbon and his
associates a1 ATET in the carly 1920s are recognized
as being among the first to perform work applying
Théwenin's eguivalent circuit and referming to this
T L iirrq:lljr as ThéEvenin' s theorem. In 1926, he
proposced the cqguivalent circuit using a current
source and parallel resistor bo assist in the design of
recording imstrumentation that was primarily carrent
driven. He began his telephone career in 1922 writh
ithe Wiestem Electric Company”™ s Engincering Depart-
micnl, which later became Bell Laboratories. His
arcas of active rescarch inclwded neotwork theory,
acoustical systoms, mm appararus, mnd
l;lﬂ!. ransmission. A m of BMITT ond Coldambin
University. he held ninetesn patents on his work:



.
The maximum power transfer theorem

states the following:

A load will recelve maximum power from a
network when Iits total resistive value Is
exactly equal to the Thévenin resistance
of the network applied to the load. That

1S,

RL = R



For loads connected directly to a dc voltage supply, maximum power will be
delivered to the load when the load resistance is equal to the internal
resistance of the source; that is, when:R, = Ry
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The reciprocity theorem is applicable only to
single-source networks and states the following:

The current | in any branch of a network, due to a
single voltage source E anywhere in the network, will
equal the current through the branch in which the
source was originally located if the source is placed In
the branch in which the current | was originally
measured.

The location of the voltage source and the resulting current
may be interchanged without a change in current



UNIT IV - TRANSIENT RESPONSE FOR DC CIRCUITS
— Transient response of RL, RC and RLC
— Laplace transform for DC input with sinusoidal input.



Solutionto First Order Differential Equation

Consider the general Equation

dx t
()+x(t) K, f (t)
dt
Let the initial condition be x(t = 0) = x( 0 ), then we solve the differential
equation:
_dx(t)

o HXO=Kt )

The complete solution consists of two parts:
 the homogeneous solution (natural solution)
* the particular solution (forced solution)



The Natural Response

Consider the general Equation

dX(E) | o
X0 =K f (1)

Setting the excitation f (t) equal to zero,

T

L0 O L  gor PO X By
dt dt T Xy () T
dXN (t) . _g . —t/7
IXN(t) =] o XN(t)_ae

It is called the natural response.



The Forced Response

Consider the general Equation
dx(t)
dt

T x(t) = K ()

Setting the excitation f (t) equal to F, a constant for t >0

r dxgt(t) £ xp (t) = Ko F

Xg (t)=KgF for t>0

It is called the forced response.



The Complete Respganse
S

Consider the general Equation

dx(t)
X0 =K f (1) rt_o

The complete response is: X(t=0) =x(0)=0 + X(0)
- the natural response + a = X(0) — x(e0)
- the forced response

T

The Complete solution:
*= XN O+ xR (D) X(t) = [X(0) — x(0)]e !/ + x(o0)
—ae T4 KgF

= ae_t” + X(0)

—t/ .
[X(0) — x(0)]e™" “called transient response
X(c0) called steady state response



TRANSIENT RESPONSE

_—
| e
= /If
506 / -
=
0.4

02t

0

0 2 04 06 08 0 ¥

s 0 A
g AR AR

1.0
t (8)
{b) Transient sinusoidal voltage



A general model of the transient

Circuit with switched DC excitation analysis problem
M_ L. Switch
..>;'_ -l  w—eTo—
| ! | ! Circuit
Switch | | t=0 i
= 5 T RL/RC
o . combinations

. Complex load | O




For a circuit containing energy storage element

A circuit containing energy-
elements is described by a
differential equation. The
differential equation describ
series RC circuit shown is

storage

ing the

dic I ., _dvg
dat TRC*T ar
+ Vg —
AW :
R ic |
I:RF T +
vs(E) e el




(a) Circuitatt=0

(b) Same circuit a long time after the switch is closed

=0 Rl I —> oo Rl
—>0—WW
N Ry i | Ry
— " R3 Vg — o R3
C T Vo - C TUC
(a) (b)

The capacitor acts as open circuit for the steady state condition
(a long time after the switch is closed).



(b) Same circuit a long time before the switch is opened

R r=0 Vv, R3

+ R +
i = =V
_ iLl’ L _

L
~
(b)

The inductor acts as short circuit for the steady state condition
(a long time after the switch is closed).



Reason for transient response

.
e The voltage across a capacitor cannot be

changed instantaneously.

Ve (07) =Vc (07)

e The current across an inductor cannot be
changed instantaneously.

1L(07)=1.(07)



=0
O iy,

5-6

(O
i(07) = L xjf{?r" iﬂ(t)
iz(?)
A
10 mA

—



Transients Analysis

]
1. Solve first-order RC or RL circuits.

2. Understand the concepts of transient
response and steady-state response.

3. Relate the transient response of first-
order
circuits to the time constant.



Transients

The solution of the differential equation
represents are response of the circuit. It
IS called natural response.

The response must eventually die out,
and therefore referred to as transient
response.

(source free response)



Discharge of a Capacitance through a

Resistance

5 A— |

Capacitance charged 1oV,
prior to =1

D=0, ic+ig =0

IR C dVC (t) 4+ VC (t) — O
dt R

Solving the above equation
with the initial condition
VC(O) = Vi




Discharge of a Capacitance through a

Resistance
_ -1
o dve() vel®)_ RC
dt R V. (t) = Ke V"¢
RC dve(t). Ve (t)=0  vc(07)=V,
dt _ KeO/RC
V. (t)= Ke® _

st st
RCKse™ + Ke™ =0 Vc(t)zvie—t/RC



0.632V,

éxponential decay waveform
RC is called the time constant.
At time constant, the voltage is
36.8%

of the initial voltage.

ve (t)=Vi - YRC)

Exponential rising waveform

RC is called the time constant.

At time constant, the voltage is 63.2%
of the initial voltage.



RCCIRCUIT

t=0 i(t) t=0 i(t)
AA—
+ R N
Ve Vu(t) c

fort=0-, i(t)=0

u(t) I1s voltage-step function Vu(t)




RC CIRCUIT

Vuit)

Vu(t)

IR —iC
i = vu(t) —ve ie—C dve
R dt
dVC
RC—=+vc =V, vu(t)=Vfort >0

dt

Solving the differential equation



Complete Response

Complete response
= natural response + forced response

e Natural response (source free response)
IS due to the initial condition

e Forced response is the due to the
external excitation.



raw-Hill Companies, Inc. Permission required for reproduction or display.

+ [ ]
12V ve(t) /= C

o) “lve(0)=5V

Complete, transient and steady state
response

Complete, natural, and forced responses
of the circuit

Complete, transient and steady-state response of RC circuit
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Complete, transient and steady-state response of RC circuit
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Circuit Analysis for RC Circuit
O

Apply KCL
IR =Ic
Ve iR:VS_VR i = dvc
VAT R dt
+ — Vv 1
v c v e 1 VR = —Vq
dt RC RC

Vg Is the source applied.



Solutionto First Order Differential Equation

Consider the general Equation

dx t
()+x(t) K, f (t)
dt
Let the initial condition be x(t = 0) = x( 0 ), then we solve the differential
equation:
_dx(t)

o HXO=Kt )

The complete solution consist of two parts:
 the homogeneous solution (natural solution)
* the particular solution (forced solution)



The Natural Response

Consider the general Equation

_dx(®)
dt

Setting the excitation f (t) equal to zero,

+x(t) = K T (t)

- OXn (t)+x (t)=0 or dxn (0 _ xn ()
dt dt T
xy (@) =ae T

It is called the natural response.



The Forced Response

Consider the general Equation
dx(t)
dt

Setting the excitation f (t) equal to F, a constant for t >0

T +X(t) = Kg T ()

r dxgt(t) Fxp(t) = Ko F

Xg (t)=KgF for t>0

It is called the forced response.



The Complete Response

Consider the general Equation

dx(t)
dt

The complete response is:
e the natural response +
s the forced response

7= L x(t) = K, f ()

X =X (t) + Xg (1)
—ae VT4 KgF

—qe T4 X(0)

Solve for a,
fort=0
X(t =0) = x(0)=a + X(0)
o = X(0) — X(0)

The Complete solution:

X(t) = [x(0) — x(x0)] e /7 + x(0)

[X(0) — x(c0)] et/ "

called transient response

X (0) called steady state response



Example

L\/\/\/_

100 k
ohms __|

/‘
0.01

microF

Initial condition Vc¢(0) = OV

IR =Ic
i _Ys~Ve 4 :C%
R dt
dVC
RCT'FVC :VS
1o5xo.01x10—6dde+vC =100
—3 dVC
10 —-I—VC =100



Example

i £V - Initial condition Vc¢(0) = OV
N |
100 k vl —3 dVC
- ohms __ | + 10 —+ Ve = 100
100V<_) 0.01 T V_C dt C
dx(t ) | t
+X(t) = K f(t -
a OO V. =100+ Ae 107
and As v.(0)=0,0=100+ A
X =XN (1) +Xg (1) A=-100
—ae T 1 KgF o

_ ae T 4 x(oo) Ve =100-100e 107



Energy stored in capacitor

o« ]
. dv
=Vl = Cv —
P dt
t t dv t
Ito pdt — to CV Edt — C Ito VdV

If the zero-energy reference is selected at t,, implying that the
capacitor voltage is also zero at that instant, then

We (t) = %c:v2



RC CIRCUIT

Power dissipation in the resistor is:

Pr = VIR = (V,2/R) e 2t/RC

Total energy turned into heat in the resistor

V02 J(c))o e—2t/ RC dt

WR ZJSO detZ
R = —C R
2 1 | —2t/RC
“VZ2R(-——)e
o R( 2RC) 0
_Lov?

2



RL CIRCUITS

Initial condition
i(t=0) =1,

- . di
LUN Vg +V; =0=Ri+ L—ct
) + Ld .
V. .~ R |_§vL EEH:O

_Solving the differential equation




RE"CIRCUITS

1(t) ] -
| + 1 =0
dt L
- + di R i(t) dj t R
—_— = ——dt I —:I ——dt
Vr R LE Vi i L l, [ 0
- o R
Inil, =-—th

Initial condition ni—Inl. = _— it
i(t=0) =1, o L



RECIRCUIT

Power dissipation in the resistor is:

i(t - — -
(t) Dry = 2R = |Oze 2RULR
Total energy turned into heat in the resistor
Vg R L A WR:J“"det _ |02RJ‘°°e_2Rt/Ldt
] 0 0

L .- %
= 1gR(-5)e ?M 't

1 2
=2—L|0

It is expected as the energy stored in the inductor is ~ L



RL CIRCUIT v

i(t)
—

@wm R b i(07) =0, thus kz—%lnv

Ri+ LI _y _Lnev —RiY=Inv]=t
dt R |
Ldi _dt V-RI _ o -RUL or
V —Ri VV '
Integrating both sides, —i=—-— e UL fort>0

—Lln(\/ —Ri)=t+k where L/R Is the time constant

R



DC STEADY STATE

The steps in determining the forced response for RL or RC circuits
with dc sources are:

1. Replace capacitances with open circuits.

2. Replace inductances with short circuits.

3. Solve the remaining circuit.



UNIT V RESONANCE AND COUPLED CIRCUITS
— Series and parallel resonance

—their frequency response

— Quality factor and Bandwidth

— Self and mutual inductance

— Coefficient of coupling

— Tuned circuits

— Single tuned circuits.






=Vu£0 v ) | l L

The input impedance is given by:

The magnitude of the circuit current is;




Resonance occurs when,

At resonance we designate w as w, and write;

This is an important equation to remember. It applies to both series
And parallel resonant circuits.




The magnitude of the current response for the series resonance circuit
IS as shown below.

|
Vm

/ﬁ

Half power point

Bandwidth: D




Series Resonange

The peak power delivered to the circuit is;:

The so-called half-power is given when -

We find the frequencies, w, and w,, at which this half-power
occurs by using;

JER:\/R%(WL—L)2
wC




After some insightful algebra one will find two frequencies at which
the previous equation is satisfied, they are:

The two half-power frequencies are related to the resonant frequency by




The bandwidth of the series resonant circuit is given by;

c— - —

We define the Q (quality factor) of the circuit as;

oWbl_ 1 1L
R wRC R\lC

Using Q, we can write the bandwidth as;

BW = o
Q

These are all important relationships.




-An Observation

If Q> 10, one can safely use the approximation;

BW BW
W, =W A and WZ:WO+T

These are useful approximations.



By using Q =w,L/R in the equations for w,and w, we have;

o)
W, =W, | —+,|| =— | +1
2Q \Y(2Q

and




An Example lllustrating Resonance:

KS
s? +2s + 400

Case 2:
— KS

s? +5s + 400

KS
s? +10s + 400




An Example lllustrating Resonance:

Case 1:
S* +2s+400=(s+1+ j19.97)(s+1- j19.97)
Case 2:
s? + 55 +400=(s + 2.5+ j19.84)(s + 2.5— j19.84)
Case 3:

s* +10s +400=(s + 5+ j19.36)(s +5— j19.36)



Observe the denominator of the CE eiuation.

» R 1
$* +—S+—
L LC

Compare to actual characteristic equation for Case 1.

s° +2s + 400

W 2 =400 =——> W= 20 rad/sec

0]

R Wo
BW =—=2 rad/sec —— = =10
L ? BW




Poles and Zeros In the s-plane:

jw axis
s-plane
o axis
i )]
5 25 -1 0
Note the location of the poles
for the three cases. Also note
there is a zero at the origin.
: X ;
SO OO NSO ). G— + 20
(3) (2)

(1)



The frequency response starts at the origin in the s-plane.
At the origin the transfer function is zero because there is
a

zero at the origin.
As you get closer and closer to the complex pole, which

has a | parts in the neighborhood of 20, the response
starts
to increase.

The response continues to increase until we reach w = 20.
From there on the response decreases.

We should be able to reason through why the response
has the above characteristics, using a graphical approach.



Amplitude

L emwa
|
i
L
L
N
/o N\
e

w(rad/sec)



‘ Next Case: Normalize all responsesto 1 at WO‘

.......................................................................................

| \1\\ Q =10,4,2

Amplitude

0 10 20 30 40 50 60
w(rad/sec)



|Three dB Calculations:

Now we use the analytical expressions to calculate w;, and w,
We will then compare these values to what we find from the
Matlab simulation.

Using the following equations with Q = 2,

+1 1
W,W =W |—+W || — | +1

2 (29

|
=

.
we find, w, = 15.62 rad/sec

w, =21.62 rad/sec



|
| (%) %R EL —_—C I:V|:|::LQ+JWC +jV]\-/|_
e 1
vV (= c V=I|R+wL+——
7 e




Duality

If we make the inner-change,
then one equation becomes
the same as the other.

For such case, we say the one
circuit is the dual of the other.




What this means is that for all the equations we have
derived for the parallel resonant circuit, we can use
for the series resonant circuit provided we make

the substitutions:

R  replaced be %

L replaced by C
C replaced by L




Parallel Resonange Series Resonanl:e




Example 1: |[Determine the resonant frequency for the circuit below.

. 1
L(R+——
LR+ jWC)  (-W'LRC+ jwL)

Y R+ WL+ 1 ~ (1-WLC)+ jwRC

jwC

At resonance, the phase angle of Z must be equal to zero.




Analysis (—Ww'LRC+ jwL)

(1—wLC)+ jwRC
.

For zero phase;

WL B WRC
(-w'LCR) (1-w'LC

This gives;

w'LC -w'R*C* =1

or

1
W0 _\/(LC _ chZ)




Parallel Resonande

Example 2:

‘ A parallel RLC resonant circuit has a resonant frequency admittance of

A series RLC resonant circuit has a resonant frequency admittance of
2x102 S(mohs). The Q of the circuit is 50, and the resonant frequency is

10,000 rad/sec. Calculate the values of R, L, and C. Find the half-power
frequencies and the bandwidth.

First, R=1/G = 1/(0.022 =50 ohms.
Second, from Q= Wo

, we solve for L, knowing Q, R, and w to

R
find L =0.25 H.
Third, wecanuse (C = Q 50

= = =100 uF
w_R 10,000x50



Parallel Resonande

Example 2: (continued)

_ W, :1X1O = 200rad /sec
50

Fourth: We can use WBW

and

Fifth: Use the approximations;

w,= W, - 0.5wg,, = 10,000 -100 = 9,900 rad/sec

W2 = WO = OSWBW

10,000 + 100 = 10,100 rad/sec



Extension of Series Resonafice

| Peak Voltages and Resonance: |

Vi L
+
+ I\/\/\,;{‘Y‘YY]__ +
VS R I l C VC

We know the following: |

1

JLC
Is purely real and equal to R.

v Whenw=w,= , Vgand | are in phase, the driving point impedance

v Anplotof |l| shows that it is maximum at w =w_,. We know the standard
equations for series resonance applies: Q, wg,, €tc.



| Reflection:

little

reflection shows that V Is a peak value at w,. But we are not sure
about the other two voltages. We know that at resonance they are equal
and they have a magnitude of QxVs.

v Irwin shows that the frequency at which the voltage across the capacitor
IS a maximum is given by;

Winax =W, 1- 12
2Q

v The above being true, we might ask, what is the frequency at which the
voltage across the inductor is a maximum?

We answer this question by simulation




|Series RLC Transfer Functions: |

The following transfer functions apply to the series RLC circuit.

— 1

Ve (s) _ LC
Vs (s) 52 +Es+i
L LC
= v
Vs (s) g2 +Es+i
LC
) .
Vi (s) L >
Vs (s) g2 —I—ES—I—L



| Parameter Selection: |

We select values of Rl L. and C for this first case so that ﬁ = 2 and

C = 5uF. The transfer functions become as follows:

V.  4x10°
= VT 910005 1 4X10°

V. s”
V, s*+1000s +4x10°

!

Ve 1000s
V, s°+1000s+4x10°

!



| Simulation Results |

Amplitude

w (rad/sec)

Rsesponse for RLC series circuit, Q =2
/"H\
S/ S
// NS
VvV C y - VL
I ™~
r ~
s - -
, B
// /
I
//
s V R
v
s
S
P
500 1000 1500 2000 2500 3000 3500

4000



Analysis of the problem:

Given the previous circuit. Find Q, wq, W, |V.| at w,, and |V,| at w .,

Solution:

V
TRVA + L

1 1

W = —
° JLC +/50x10*x5x10°

~w,L 2x10°x5x10™

=2000rad /sec

2

Q R 50



Problem Solution:

W =W 1—i = 0.9354w
2Q°

|V |atw, =Q |V, |=2x1=2volts(peak)

Vojatw, = XVl 2
1 0968
4Q°

Now check the computer printout.

= 2.066volts ( peak))




Exnsion of Series Resonance

Problem Solution (Simulation):

1.0e+003 *
1.8600000  0.002065141

1.8620000  0.002065292

1.8640000  0.002065411 :

1.8660000  0.002065501 Maximum

1 86200NQ0 0. NN20665560

1.8700000  0.002065588 G ———
1.8720000  0.002065585

1.8740000  0.002065552

1.8760000  0.002065487

1.8780000  0.002065392

1.8800000  0.002065265

1.8820000  0.002065107

1.8840000  0.002064917




| Simulation Results: |

.
Q=10

Rsesponse for RLC series circuit, Q =10

12

10

Amplitude

0 500 1000 1500 2000 2500 3000 3500 4000
w(rad/sec)




| Observations From The Study:

The voltage across the capacitor and inductor for a series RLC
circuit
IS not at peak values at resonance for small Q (Q <3).

v
Even for Q<3, the voltages across the capacitor and inductor
are

y equal at resonance and their values will be QxVs.

For Q>10, the voltages across the capacitors are for all practical
purposes at their peak values and will be QxVs.

v Regardless of the value of Q, the voltage across the resistor
reaches its peak value at w = w,,.

For high Q, the equations discussed for series RLC resonance
can be applied to any voltage in the RLC circuit. For Q<3, this
IS not true.



Extension of Resonant Circujts

| Given the following circuit: |

v | We want to find the frequency, w,, at which the transfer function
for V/I will resonate.

U The transfer function will exhibit resonance when the phase angle
between V and | are zero.



| The desired transfer functions is;

T
V _ (1/sC)(R +sL)

| R+sL+1/sC
This equation can be simplified to;
V. R+sL
| LCs”+RCs+1

Withs — jw

V. R+jul
|  (1-w°LC)+ jwR




Resonant Condition:

For the previous transfer function to be at a resonant point,
the phase angle of the numerator must be equal to the phase angle

g: the denominator. Agnum :égdem
4 WL 1 wWRC
0. =tan™| — 0,., =tan .
num ( R j ‘ [(1—W2LC)j
Therefore;
wL WRC

R (1-w’LC)



Resonant Condition Analysis:

L(1-w?LC)=R*C or wL’C=L-RC

\/ 1 R?
W, = -
LC L2

Notice that if the ratio of R/L is small compared to 1/LC, we have

This gives,




Extension of Resonant Circujts

Resonant Condition Analysis:

R "
the following example.

Given the following circuit with the indicated parameters. Write a
Matlab program that will determine the frequency response of the
transfer function of the voltage to the current as indicated.

' RS

-~
N
O

|

1

<




Rsesponse for Resistance in series with L then Parallelwith C

18

2646 r%d/sec A

/ Y R=1 ohm

12 /

/ \
10 . / \

Amplitude
~

L - -~

0 1000 2000 000 4000 5000 6000 7000 8000
w(rad/sec)




